We present sufficient conditions for the topological triviality of families of germs of functions defined on an analytic variety V . The main result is an infinitesimal criterion using the integral closure of a convenient ideal as the tangent space to a subset of the set of topologically trivial deformations of a given germ. Results of M. Saia [20] on the determination of the integral closure of an ideal in terms of its Newton Polyhedron are used to describe the topological triviality of Newton non degenerate families of map germs. Applications to the problem of equisingularity of families of sections of V are also discussed. March, 2001 ICMC-USP 
INTRODUCTION
Let V, 0 be the germ of an analytic subvariety of k n (k = R or C) and R V (respectively C 0 -R V ) be the group of germs of diffeomorphisms (respectively homeomorphisms) preserving V, 0. In this paper we introduce a sufficient condition for the C 0 -R V -triviality of families of map germs h : k n × k, 0 → k p , 0, based on the integral closure of T R V (h), the tangent space to the orbit of h under the action of the group R V . Our main result establishes that if ∂h ∂t ∈ T R V (h), then h is topologically R V -trivial. We are specially concerned with the case p = 1, that is, with families h : k n × k, 0 → k, 0. In this case h −1 (0) defines a family of sections of the analytic variety V, 0. Using results of M. Saia on the determination of the integral closure of an ideal in terms of its Newton Polyhedron we describe a method for the topological triviality of Newton non degenerate families of sections of V, 0. As a corollary of the methods, we obtain sharp results when the analytic variety is weighted homogeneous and the family of sections is a deformation of a weighted homogeneous map germ h 0 (consistent with V ) by terms of filtration higher than or equal to the filtration of h 0 . This result was previously proved by Damon in [8] . In the final section, we introduce a notion of V -equisingularity of the family of sections and we show that the hypothesis of the main theorem implies this geometric condition. For other results related to the subject discussed in this paper, see for instance [2] , [8] , [23] .
BASIC RESULTS
Let O n be the ring of the germs of analytic functions h : k n , 0 → k, k = R or C. A germ of a subset V, 0 ⊂ k n , 0 is the germ of an analytic variety if there exist germs of analytic functions f 1 , ..., f r such that V = {x : f 1 (x) = · · · = f r (x) = 0}.
Our aim is to study map germs h : k n , 0 → k p , 0 under the equivalence relation that preserves the analytic variety V, 0. We say that two germs h 1 and h 2 : k n , 0 → k p , 0 are R V -equivalent (respectively C 0 -R V -equivalent) if there exists germ of diffeomorphism (respectively homeomorphism) φ : k n , 0 → k n , 0 with φ(V ) = V e h 1 • φ = h 2 . That is,
where R is the group of germs of diffeomorphisms in k n , 0. A one parameter deformation h :
H(x, t) = (h(x, t), t), such that g • H(x, t) = g 0 (x) and H(V
We denote by θ n the set of germs of tangent vector fields in k n , 0; θ n is a free O n module of rank n. Let I(V ) be the ideal of O n consisting of germs of analytic functions vanishing on V . We denote by Θ V = {η ∈ θ n : η(I(V )) ⊆ I(V )}, the submodule of germs of vector fields tangent to V (see [2] for more details).
The tangent space to the action of the group
V is the submodule of Θ V given by the vector fields that are zero at zero.
The group R V is a geometric subgroup of the contact group, as defined by J.Damon [5] , [6] , hence the infinitesimal criterion for R V -determinacy holds (see [2] for a proof).
Theorem 2.1. The germ h is R V -finitely determined if and only if there exists a positive integer
The following theorem is the geometric criterion for the R V -finite determinacy( [2] ). Theorem 2.2. Let V, 0 ⊆ C n , 0 be the germ of an analytic variety and h : C n , 0 → C, 0 be the germ of an analytic function. Let
As a consequence of this result, it follows that if h is R V -finitely determined, then h −1 (c) is transverse to V away from 0, for sufficiently small values of c.
In the real case, the necessary condition remains true, that is, if h is R V -finitely determined then the set {x ∈ R n : ξh(x) = 0 for all ξ ∈ Θ V } is {0} or ∅.
BASIC FACTS ON INTEGRAL CLOSURE OF IDEALS
Let I be an ideal in a ring A. An element h ∈ A is said to be integral over I if it satisfies an integral dependence relation h n + a 1 h n−1 + ... + a n = 0 with a i ∈ I i . The set of such elements form an ideal I in A, called the integral closure of I.
When A = O X,x 0 , the local ring of a complex analytic set, Teissier gives in [22] various notions equivalent to the above concept. 
In the real case, the above algebraic definition of integral closure is not appropriate. But, one can use condition (c) above as a definition. More precisely, 
Gaffney ([11] , p. 30) shows that h ∈ I if and only if for each choice of generators {g i } of I there exists a neighbourhood U of x 0 and a constant C > 0 such that for all x ∈ U :
The property of being R V -finitely determined is open in the sense that the germ {x ∈ k n : dh t ξ(x) = 0, ∀ ξ ∈ Θ V } at 0 is {0} or empty for sufficiently small values of the parameters ( [2] ). However, this does not guarantee the existence of a neighbourhood U of 0 in k n , 0 and an open ε-ball, B ε , centered at the origin in k such that the above condition holds, ∀ x ∈ U and ∀ t ∈ B ε . We then need the following definition: Our main result is the following theorem:
The proof of the theorem is a consequence of the following results.
In what follows we can assume that
and hence the deformation is C ω -R V -trivial (analytically trivial) (notice that 
Then, the following result holds.
Proof of the Theorem 4.6: With the above notations, it follows that
The vector field X(x, t) is real analytic away from {0} × k. ¿From the hypothesis,
Thus, X satisfies a Lipschitz condition around the solution (0, t), and it follows from [17] or [4] that X(x, t) is locally integrable in a neighbourhood of (0, 0) ∈ k n × k. Then, there exists a family of homeomorphisms φ(x, t, τ ), φ :
. The proof will follow now from the following lemma (see
Proof: Let φ(x, t, τ ) be a family of homeomorphisms such that
Taking the derivative of h(ϕ(x, t)) = h(ϕ(x, t), t) with respect to t, we get
where
for all t and x. Therefore h is topologically R V -trivial. When k = C, we consider the restriction
It is sufficient to show that h is a R V -topologically trivial deformation of h 1 , which in turn is a R V -topologically trivial deformation of h 0 .
Let φ(x, t, τ ) be such that
1 (x, 0) = h 0 and the result follows. ♦
THE INTEGRAL CLOSURE AND THE NEWTON POLYHEDRON
The applicability of Theorem 4.6 depends on whether we can calculate the integral closure of the tangent space to the R V -orbit.
The Newton polyhedron of an ideal in O n is defined as follows (see [16] , [20] ). We fix a coordinate system x in k n , so that O n is identified with the ring k{x} of convergent power series. For each germ
where g i is the restriction of g i to the face , that is , if
We denote by C(I) the convex hull in R n + of the set {m : x m ∈ I}. The main result in [20] is the following theorem: We shall take
The following results show that C(I 0 ) also gives a condition for C 0 -R V -triviality.
On the other hand,
for some 0 < α < 1 and |t| ≤ α c . Thus, sup j |dh t (α j )| ≥ Csup j |dh 0 (α j )| for t sufficiently small and C > 0. From this inequality, it follows that
and b) follows. Now,
which implies a). ♦
The following example shows that the condition
As an immediate consequence of Lemma5.12 and Theorem5.11 it follows that:
Proof: The hypothesis imply that g ∈ I 0 and dg(α i ) ∈ I 0 . By Lemma 5.12,
Proof: Since I 0 is non generate, Γ + (I 0 ) = C(I 0 ) and the result follows from the above result. ♦
2 ) . In [3] , Theorem 4.9, the R V classification of germs h : C 2 , 0 → C, 0 is given, and we find the following normal form [3] , gives the normal form z + ax n + tx n+1 , n ≥ 2 which is finitely determined for a = 0, n = 2, and a = 0, a = 1/12, n = 2 . Let h 0 (x, y, z) = z + ax n , (w 1 , . .., w n : 
WEIGHTED HOMOGENEOUS GERMS AND VARIETIES

Definition 6.15. (a) Given
We learned from D. Mond and J. Damon that when V is a weighted homogeneos variety, we always can choose weighted homogeneous generators for Θ V . A proof can be found in [10] .
Following [7] , we define: 
Definition 6.18. Let V be defined by weighted homogeneous polynomials . We say that h is weighted homogeneous consistent with V if h is weighted homogeneous with respect to the same set of weights assigned to V .
Proof:
Under the above conditions, any such h is a good deformation of h 0 (see [19] ). We have that dh 0 (α i ) is weighted homogeneous, where {α 1 , ..., α m } is a set of weighted homogeneous generators of Θ V . Let r i be the filtration of dh 0 (α i ), i = 1, ..., m and
The proof now follows analogously to the proof of Theorem 4.6. ♦ [18] . The function-germ ϕ is weighted homogeneous of weights 2, 2k + 2 and 3k + 3 for x, y and z respectively. We have that h(x, y, z) = y + a k+1 x k+1 is R V -finitely determined for a k+1 = 0, 1 and consistent with V . Therefore deformations of h by terms of order higher than or equal to fil(h) are
. This is the implicit equation for the S k -singularities classified by D. Mond
and h 2 (x, y, z) = z + bx 
V -EQUISINGULARITY
Bernard Teissier developed in [22] an infinitesimal theory and a theory of geometrical invariants to study the equisingularity of families of complex analytic hypersurfaces X d t with isolated singularities. The integral closure of an ideal I is the right object to the infinitesimal part of that theory. T. Gaffney in [11] extended Teissier results, using the integral closure of a convenient module to obtain necessary and sufficient conditions for the equisingularity of families of complete intersections with isolated singularities. 
with reduced structure, Y = C t × 0 and X 0 the smooth part of X. Then
Our purpose in this section is to show that the integral closure of the tangent space to the group R V also gives an adequate infinitesimal object to the study of the equisingularity of families of sections of analytic varieties.
Let V ⊂ C n be an analytic variety. The family of sections of V is defined by h(x, t) = 0, where h :
, is a good deformation of a R V -finitely determined map germ h 0 : C n , 0 → C, 0. We want to define the concept of equisingularity in this context, that we will call Vequisingularity of the family h. With this purpose, we will construct a stratified diagram of mappings, which satisfies to the Thom's second isotopy lemma.
From now on, we assume that V admits a Whitney stratification S V in a neighbourhood U of the origin, for which {0} is a stratum. We can also extend this stratification to the neighbourhood U of the origin in a natural way, that is, the strata are the strata of S V and the connected components of the complement of V in U . We denote byṼ the subvariety of C n × C, 0 defined byṼ = V × C. The product stratification is clearly Whitney regular. Since the germ h : C n × C, 0 → C, 0 is a good deformation, we can choose a representative, which we also denote by h, given by h : U × B r , 0 → C, 0, where B r is an open ball in C centered at the origin with the property that h is transversal to the strata ofṼ away from 0 × B r .
We refine the stratificationS of U × B r as follows: given a stratum S of S, we define the new strataS ofS as one of the following types: (S × B r ) − h −1 (0) and (S × B r ) ∩ h −1 (0). This refinement defines a new stratification U × B r , since h is transversal toṼ away from zero. We denote this new stratification by the same notationS. 
As a consequence of the second isotopy lemma, it follows that if h is V -equisingular, then h is topologically R V -trivial.
In the following theorem we show that ∂h ∂t ∈ dh t (Θ 0 V ) is a sufficient condition for Vequisingularity.
J.W. Bruce in [1] considers an analogous question. He describes the topological type of generic families of sections of a semialgebraic stratification T of a neighbourhood of the origin in R n , with 0 being a stratum. Such families are generalised transverse (G.T) with respect to the stratification, that is, for every pair of strata S 1 and S 2 , and a sequence of points (x i ) ∈ S 1 such that lim i→∞ x i = x ∈ S 2 and the limit of the tangent spaces
The following theorem is proved in [1] : 
Good examples of families satisfying the G.T. condition are the families of sections of an analytic variety defined by generic families of hyperplanes in R n . In this work, we substitute the G.T. condition by the finite determinacy of h 0 and the integral closure condition. Under these hypothesis we are able to obtain the topological triviality of families that do not satisfy the G.T. condition. To prove Theorem 7.23, we first prove the following Lemma.
.
Proof: By hypothesis, for any analytic curve ϕ :
The above result remains true under the weaker hypothesis
where B ε is the closed ball in C n of radius ε, ε ≤ ε , F (x, t) = (h(x, t), t) and π is the projection to the second factor. We stratify C × B r by (C − {0}) × B r ∪ {0} × B r and we refine the stratification of B ε × B r , taking the intersection of the strata inS with ∂B ε × B r and intB ε × B r . We would like to show that this stratification satisfies Thom's condition, but h t might have critical points on ∂B ε . To get around this difficulty we need the following.
Step 3. For some δ > 0, B δ − {0} in C consists only of regular values of h t for every t ∈ B r .
Proof: It follows from the fact that h is a good deformation of h 0 . ♦ In the above diagram we change C by B δ , where B δ is the ball with radius δ, with the stratification ∂B δ ∪ {0} ∪ intB δ − {0}, and satisfying the conditions in Step 3. We then get a new stratification of F −1 (B δ × B r ) pulling back the strata. We consider now
Step 4. The above diagram is Thom stratified. Proof: We have to show that the diagram satisfies condition A h t . Given two stratã
The limit of this sequence of spaces is contained T ∩(ker dh t (x)×{0}) where T = lim i→∞ T (xi,ti)S1 . If x = 0 then ker dh t (x)×{0} is transversal to T , hence lim i→∞ K i = T ∩(ker dh t (x)×{0}). Since T ⊃ T (x,t)S2 (Whitney condition A), then lim i→∞ K i contains the restriction of the kernel of dF (x, t) to T (x,t)S2 . If x = 0 thenS 2 = {0} × B r , and Thom condition follows trivially. ♦ Another condition associated to equisingularity of families of functions was introduced by J. Henry, M. Merle and C. Sabbah in [14] , namely the condition W f . T. Gaffney and S.Kleiman in recent papers ( [12] , [13] , [15] ) have studied the equisingularity of families of complete intersection with isolated singularity and of families of functions defined on analytic varieties. In special, in [13] T.Gaffney and S.Kleiman relate the condition W f with the integral closure of a convenient module. More precisely, let X, 0 be the germ of an equidimensional analytic variety in C n , 0, and Y, 0 the germ of a smooth subvariety of X, 0. Let f : C n , 0 → C q , 0 be a map germ with the property that the restriction f |Y is a submersion onto the germ of an analytic closed set in C q . Let us assume that there exists an open and dense analytic subset X 0 of X such that f |(X 0 , 0) is a submersion onto its image and has equidimensional fibres. 
Denote by JM (F ; f ) the jacobean module generated by the columns of the jacobean matrix of (F, f ), that is, the module generated by < (x i ∂F ∂x j , x i ∂f ∂x j ) >. Let JM (F ; f ) l and JM (F ; f ) n−l be the submodules of JM (F ; f ) generated by the partial derivatives with respect to the first l variables and with respect to the last n − l variables of C n , respectively. Finally, let M Y the ideal generated by the first l variables of C n . With these notations T. Gaffney and S. Kleiman show in [13] , that the following conditions are equivalent: (i) the pair (X 0 , Y ) satisfies W f in 0;
Our theorem on V -equisingularity, Theorem 7.23, was obtained independently of the above result of T. Gaffney and S. Kleiman. However, we note that taking X in the above theorem asṼ = V × C and making f = h, we get that the condition 
